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1. ¤k�KÑL�3IO�K�þ,�3�Áò½Ù§�þþÃ�.

2. �µ��>�Õ�K,�µ�	Ø�k6¶9�'IP.

3. X�K�xØ
,��3���¡,¿I²KÒ.

�!(�K 15©) 3�m���IX¥®�ü�V
�©

µ�<

­¡ S��§� x2 + y2− z2 = 1.¦L P = (1, 1, 1):á3

ü�V­¡ S þ�ü^���m�Y�.

)))���. �L P :������þ£ü �þ¤�

(1) v = (a, b, c), a2 + b2 + c2 = 1, c > 0,

K���ëê�§�

(x, y, z) = (1, 1, 1) + (a, b, c)t, t ∈ R.

�§�Ná3ü�V­¡ S þ§�\ S ��§§��

(1 + at)2 + (1 + bt)2 − (1 + ct)2 = 1, t ∈ R.

2(a+ b− c)t+ (a2 + b2 − c2)t2 = 0, t ∈ R.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5©)

u´��

(2) a+ b− c = 0, a2 + b2 − c2 = 0.
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d�§ (1)Ú (2)��

c =

√
2

2
, a2 + b2 =

1

2
, a+ b =

√
2

2
.

dd¦�ü�����

v1 = (a, b, c) = (

√
2

2
, 0,

√
2

2
), v2 = (a, b, c) = (0,

√
2

2
,

√
2

2
),

��ü^L P �á3ü�V­¡ S þ���

(x, y, z) = (1, 1, 1) + v1t, (x, y, z) = (1, 1, 1) + v2t.

ùü^���Y� θ÷v

cos θ = v1 · v2 =
1

2
.

�ü��Y�� 60b(½ 120b,���½�k').

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15©)
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�
�� �!(�K 15©) � lim
n→+∞

an
n2

= a, lim
n→+∞

bn
n2

= b. y
�©

µ�<

²4� lim
n→+∞

1

n5

n∑
k=0

akbn−k �3¿¦Ù�.

)))���. éu n > 1,P An =
an
n2
− a, Bn =

bn
n2
− b. K lim

n→+∞
An = lim

n→+∞
Bn = 0. l


{An} , {Bn}k.. PM = sup
n>1

(
|An|+ |Bn|

)
+ |a|+ |b|.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (4©)

d Stolzúª½|^½È©,·�k

lim
n→+∞

1

n5

n∑
k=0

k2(n− k)2 = lim
n→+∞

( n∑
k=0

k2

n3
− 2

n∑
k=0

k3

n4
+

n∑
k=0

k4

n5

)
=

1

3
− 2

4
+

1

5
=

1

30
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (8©)

,��¡,éu n > 2,k∣∣∣ 1
n5

n∑
k=0

akbn−k −
ab

n5

n−1∑
k=1

k2(n− k)2 − a0bn + anb0
n5

∣∣∣
=

∣∣∣ 1
n5

n−1∑
k=1

k2(n− k)2
(
AkBn−k + bAk + aBn−k

)∣∣∣
6

M

n

n−1∑
k=1

(
|Ak|+ |Bk|

)
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (12©)

d Stolzúª,

lim
n→+∞

M

n

n−1∑
k=1

(
|Ak|+ |Bk|

)
= lim

n→+∞
M
(
|An|+ |Bn|

)
= 0.

Ïd,

lim
n→+∞

1

n5

n∑
k=0

akbn−k = ab lim
n→+∞

1

n5

n−1∑
k=1

k2(n− k)2 = ab

30
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15©)

3

命
题
组
版
权
所
有



n!(�K 15©) � A =

(
2 1

1 1

)
,Ý
 B� A�

�©

µ�<

��,Ù��þ���ê�1�ª� 1. y²�3��ê k

¦� B = Ak.

yyy²²². -

B =

(
a b

c d

)
.

du B � A���,�� c = b, d = a− b. B ���þ���ê,� a, b���

ê� a > b. 2d detB = 1�� a2 − ab− b2 = 1.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5©)

e b = 1,Kd a2 − ab− b2 = 1´� a = 2,Ïd

B =

(
2 1

1 1

)
= A.

e b > 1,�	Ý


B1 = A−1B =

(
1 −1
−1 2

)(
a b

b a− b

)
=

(
a− b 2b− a
2b− a 2a− 3b

)
.

- a1 = a− b, b1 = 2b− a,Kk 2a− 3b = a1 − b1,=

B1 =

(
a1 b1

b1 a1 − b1

)
.

w, a1 ���ê. 5¿� a2 − ab − b2 = 1, e a > 2b, Kk 1 + b2 = a2 −
ab = a(a − b) > 2b2, = b2 6 1, gñ, dd�� b1 = 2b − a �´��ê. w

, a21 − a1b1 − b21 = detB1 = (detA)−1 detB = 1,= a1(a1 − b1) = 1 + b21 > 0,l


 a1 > b1. ùL²Ý
 B1 ¥��� a1, b1 ÷vÝ
 B ¥�� a, b¤÷v�^

�,�´ b1 = b− (a− b) < b. e b1 > 1,Kaq/Ý


B2 = A−1B1 = (A−1)2B =

(
a2 b2

b2 a2 − b2

)
¥��� a2, b2�÷vÝ
 B ¥�� a, b¤÷v�^�,�´ b2 < b1 < b. UY

?1e�,ÏL�¦ A−1k�g,'X sg��±¦����Ý


Bs = (A−1)sB =

(
as bs

bs as − bs

)
4
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¥��� as, bs÷v as > bs > 0, a2s−asbs−b2s = 1� bs�����ê,= bs = 1.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (12©)

dc¡�y²�� Bs = A,l
 B = As+1,- k = s+ 1=�.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15©)
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o! (�K 20 ©) � n ≥ 2 ���ê, y²õ�
�©

µ�<

ª f(x) = xn − x− 13knê� QþØ��.

yyy²²². é?¿õ�ª F (x) = amx
m+ am−1x

m−1 + · · ·+ a1x+ a0,^ F̃ (x)L« F (x)�

p�õ�ª,=

F̃ (x) = a0x
m + a1x

m−1 + · · ·+ am−1x+ am = xdegFF

(
1

x

)
.

w,k
˜̃
F (x) = F (x) �e F (x) = G(x)H(x) �õ�ª G(x) Ú H(x) �¦È,

K F̃ (x) = G̃(x)H̃(x)´p�õ�ª G̃(x)Ú H̃(x)�¦È.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5©)

e¡y² f(x) = xn − x − 13knê� QþØ��. e n = 2,K(Øw,¤

á.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7©)

e¡� n ≥ 3. e f(x) 3 Q þ��, du f(x) ��, ¤±�3�Xêõ

�ª g(x), h(x) ∈ Z[x] ¦� f(x) = g(x)h(x) � 1 ≤ degg(x) = r < n. ù

� degh(x) = n− r. ?�Ú/,du f(x)�Ä�Xê� 1,~ê�� −1,·��

±b� g(x)Ú h(x)�Ä�Xêþ� 1,
§��~ê��U´ ±1.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)

- k(x) = g(x)h̃(x) ∈ Z[x],=du degh̃(x) = degh(x) = n−r,·�k degk(x) =

n,�

k(x)k̃(x) = g(x)h̃(x)g̃(x)h(x) = f(x)f̃(x). (1)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (12©)

w, f̃(x) = −xn − xn−1 + 1,¤±

f(x)f̃(x) = −x2n − x2n−1 + xn+1 + 3xn + xn−1 − x− 1.

P k(x) = bnx
n + bn−1x

n−1 + · · ·+ b1x+ b0,Kw,k bn, b0 = ±1. '� (1)ªü

à xn�Xê��

b20 + b21 + · · ·+ b2n−1 + b2n = 3,
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¤± b21 + · · · + b2n−1 = 1. du b1, · · · , bn−1 þ��ê,¤± b1, · · · , bn−1 ¥Tk
��� ±1
Ù{þ� 0,= k(x)/X k(x) = bnx

n + bix
i + b0, 1 ≤ i ≤ n − 1,

� bn, bi, b0 = ±1. dd��

k(x)k̃(x) = bnb0x
2n + bnbix

2n−i + bib0x
n+i + 3xn + bnbix

i + bib0x
n−i + bnb0.

e¡w (1)ª¥gê < n���Xê, ~ê� bnb0 = −1, dd�� b0 = −bn.

qd n ≥ 3 k n > n − 1 > 1, ¤± n − i 6= i. e n − i > i, Kk i = 1

� bi = b0 = −bn, ù� k(x) = bnx
n − bnx − bn = bnf(x). e n − i < i, K

k i = n− 1� bi = bn = −b0,ù� k(x) = bnx
n + bnx

n−1 − bn = −bnf̃(x). ù�
·�y²
 k(x) = ±f(x)½ö k(x) = ±f̃(x).

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (18©)

e k(x) = ±f(x),Kk h̃(x) = ±h(x). � h(x)�?�E�Ò´ f(x)Ú f̃(x)�

ú��. aq/, e k(x) = ±f̃(x), Kk g̃(x) = ±g(x). � g(x) �?�E��

´ f(x)Ú f̃(x)�ú��.ùL²ØØ@«�¹, f(x)Ú f̃(x)Ñkú��.

� α´ f(x)Ú f̃(x)���ú��,Kk α 6= 0, αn = α+1� αn = −αn−1+1,d

d�� αn−1 = −α,= αn = −α2. l
 α2+α+1 = 0,� α3 = 1,¤± αn = 1, α

½ö α2. e αn = 1,Kk 1 = α + 1,= α = 0,gñ. e αn = α,Kk α = α + 1,

gñ. e αn = α2,Kk α2 = −α2,= α = 0,gñ. ¤± f(x) = xn − x− 13 Q
þØ��.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (20©)

5: ��±|^õ�ª f(x)� f̃(x)p�5`² f(x)Ú f̃(x)vkú��.
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Ê! (�K 15©) � lim
n→+∞

βn = 0,¼ê f 3 [−1, 2]
�©

µ�<

þk.§3 [0, 1]þRiemann�È.y²µ lim
n→+∞

1

n

n∑
k=1

f
(k
n
+

βn

)
=

∫ 1

0

f(x) dx.

yyy²²². PM = sup
x∈[−1,2]

|f(x)|, mn =
[
n|βn|

]
+ 1. K lim

n→+∞

mn

n
= 0. l
�3 N > 1¦

�� n > N �, 2mn 6 n. �Ä n > 3N + 3,·�k

n
∣∣∣ ∫ k+1

n
+βn

k
n
+βn

(
f
(k
n
+ βn

)
− f(x)

)
dx
∣∣∣

6 sup
t∈[ k

n
+βn,

k+1
n

+βn]

f(t)− inf
t∈[ k

n
+βn,

k+1
n

+βn]
f(t)

6
(

sup
t∈[ k

n
−|βn|, k+1

n
−|βn|]

f(t)− inf
t∈[ k

n
−|βn|, k+1

n
−|βn|]

f(t)
)

+
(

sup
t∈[ k

n
+|βn|, k+1

n
+|βn|]

f(t)− inf
t∈[ k

n
+|βn|, k+1

n
+|βn|]

f(t)
)
, mn 6 k 6 n−mn.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . £5©¤

Ïd ∣∣∣ 1
n

n∑
k=1

f
(k
n
+ βn

)
−
∫ 1

0

f(x) dx
∣∣∣

6
∣∣∣ 1
n

n−mn∑
k=mn

f
(k
n
+ βn

)
−
∫ 1−mn

n
+βn

mn
n

+βn

f(x) dx
∣∣∣+ 6mn

n

=
∣∣∣ 1
n

n−mn∑
k=mn

∫ k+1
n

+βn

k
n
+βn

(
f
(k
n
+ βn

)
− f(x)

)
dx
∣∣∣+ 6mn

n

6
(
U(f ;Pn)− L(f ;Pn)

)
+
(
U(f ;Qn)− L(f ;Qn)

)
+

6mn

n
,

Ù¥ U(f, P )±9 L(f, P )�gL« f éA�u [0, 1]�y© P � DarbouxþÚ

� DarbouxeÚ, Pn L«©:�
{
k
n
− |βn|

∣∣n|βn| 6 k 6 n
}
∪ {a, b}�y©, Qn

L«©:�
{
k
n
+ |βn|

∣∣1 6 k 6 n− n|βn|
}
∪ {a, b}�y©.

u´d f 3 [0, 1]��È5±9 lim
n→+∞

mn

n
= 0��(Ø.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (15©)
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�
�� 8! (�K 20©) � f 3 [0,+∞)�?¿4«mþ
�©

µ�<

Riemann�È.éu x > 0,½Â F (x) =

∫ x

0

tαf(t+ x) dt.

(1) e α ∈ (−1, 0) � lim
x→+∞

f(x) = A, y²: F 3

[0,+∞)þ��ëY.

(2)e α ∈ (0, 1), f ± T > 0�±Ï,
∫ 3

0
f(t) dt = 2022. y²: F 3 [0,+∞)þ��

�ëY.

yyy²²². (1)dK�, f k.. PM = sup
x>0
|f(x)|. éu y > x > 0,P δ = y − x,·�k

|F (y)− F (x)| =
∣∣∣ ∫ x+δ

0

tαf(t+ x+ δ) dt−
∫ x

0

tαf(t+ x) dt
∣∣∣

6 2M

∫ x+δ

x

tα dt+M

∫ δ

0

tα dt+
∣∣∣ ∫ x

0

tαf(t+ x+ δ) dt−
∫ x+δ

δ

tαf(t+ x) dt
∣∣∣

6 3M

∫ δ

0

tα dt+M

∫ x

0

(
tα − (t+ δ)α

)
dt

=
3M

1 + α
δ1+α +

M

1 + α

(
x1+α − (x+ δ)1+α + δ1+α

)
6

4M

1 + α
δ1+α =

4M

1 + α
|y − x|1+α.

Ïd, F 3 [0,+∞)þ��ëY.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (14©)

(2)·��Ñ,e¼ê g3 [0,+∞)þ��ëY,K g´“�5O�”�,=�3~

ê C1, C2¦�

|g(x)| 6 C1 + C2x, ∀x > 0.

äN/,k δ0 > 0¦�

|g(x)− g(y)| 6 1, ∀ 0 6 x 6 y < x+ δ0.

Ïd,éu?Û x > 0,

|g(x)| 6 |g(0)|+
[ x
δ0

]
+ 1 6 |g(0)|+ 1 +

x

δ0
.

P A =
1

T

∫ T

0

f(t) dt, G(x) =
∫ x
0

(
f(t) − A) dt. K G(T ) = G(0) = 0. dd´�

G± T �±Ï.l
 Gk.. �M = max
x∈[0,T ]

|G(x)|.

9
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e A 6= 0,K ∣∣∣ ∫ x

0

tαf(t+ x) dt
∣∣∣ > |A|

1 + α
x1+α −

∣∣∣ ∫ x

0

tα(f(t+ x)− A) dt
∣∣∣

=
|A|

1 + α
x1+α −

∣∣∣xαG(2x)− α ∫ x

0

tα−1G(t+ x) dt
∣∣∣

>
|A|

1 + α
x1+α − 2Mxα, ∀x > 0.

Ïd, F 3 [0,+∞)þ��5O�,l
 F 3 [0,+∞)þ���ëY.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (16©)

e A = 0,K

F (x) = xαG(2x)− α
∫ x

0

tα−1G(t+ x) dt, ∀x > 0.

d·�3 (1) �y²¥¤y²�(J��, ��`² H(x) = xαG(2x) 3

[0,+∞)þ���ëY.dK�, G(3) = 2022,
 G(0) = 0,Ïd, GØð�~ê.

u´éu?Û δ > 0,k s ∈ (0, δ)±9 X > 0¦� G(2X + 2s) 6= G(2X). l
∣∣∣H(X + s+ nT )−H(X + nT )
∣∣∣

=
∣∣∣(X + s+ nT )αG(2X + 2s+ 2nT )− (X + nT )αG(2X + 2nT )

∣∣∣
>

∣∣∣(X + nT )α
(
G(2X + 2s+ 2nT )−G(2X + 2nT )

)∣∣∣
−
∣∣∣G(2X + 2s+ 2nT )

(
(X + s+ nT )α − (X + nT )α

)∣∣∣
> (X + nT )α

∣∣∣G(2X + 2s)−G(2X)
∣∣∣−Msα, ∀n > 1.

AO,

lim
n→+∞

∣∣∣H(X + s+ nT )−H(X + nT )
∣∣∣ = +∞.

Ïd, H 3 [0,+∞)þ���ëY,l
 F 3 [0,+∞)þ���ëY.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (20©)

555. �Ky²´»õ,�5¿y²¥Ñy� xα, x1+α �üN5(üO�´ü~),

±9

∫ 1

0

ts ds�Âñ5.
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