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555¿¿¿: ¤k�KÑL�3IO�K�þ,�3�Áò½Ù§�þþÃ�.

�! (�K 20©,z�K 5©)W�K

1. �¼ê y = y(x)3 x = 0NCd�§ y + 2y2 + y3 = e−x + x− 1¤(½,�

y = Ax2 +Bx3 + o(x3) (x→ 0).K (A,B) =

(1

2
,−1

6

)
.

2. 4� lim
(x,y)→(0,0)

(
|x|+ |y|

)|xy|
= 1 .

3. � A� n× n¢Ý
, m���ê, I � n× nü Ý
. e (I + A)m = 0,K A�

1�ª|A| = (−1)n .

4. ~�©�§ y′ − cosx · sin2 y = 1
2

sin 2y�Ï)�
cos y

sin y
= −1

2
(cosx+ sinx) + Ce−x,Ù¥ C �?¿~ê.

.
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�!(�K 10©) �m¥kØ����½¥ S Ú�½²¡ Σ§S �¥%3 P :§

�»� r. � B ´��¥%3M :�¥§§� S 	�¿Ú Σ��.

¯µ1¤¤k�U�M �¤Û«­¡º2¤: P �T­¡kÛ'Xºy²\�(Ø.

)))���. (1) (AÛ{)µL P �²¡ Σ�R�§Rv� O. 3R� PO �ò��þ��

: Q§¦� |OQ| = r. L Q:�²¡ Σ�²1²¡ Σ∗. ù�ü²1²¡ ΣÚ

Σ∗�ål� r. u´§M � P �ål§�uM �²¡ Σ∗�ål. u´§3L

�� PQÚM �²¡ Λþ§M �: P �ål�u���Λ ∩ Σ∗ �ål§M

��;,��Ô�§¿± P ��Ô���:. ± PQ�¶��m�^=�§¥

B �±�¥¡ S Ú²¡ Σ��§M xÑ���±. �¤k�U�M �¤��

^=�Ô¡§¿± P �Ù�:.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5©)

(2) (�I{)µL P �²¡ Σ�R�§Rv� O. ± O��:§�þ
−→
OP ¤3

��� z−¶§²¡ Σ� xy−²¡§ïá�m���IX.�¥ B �¥%�

I�M = (x, y, z)§P :�I� (0, 0, R),Kk |MO| = z + r. u´§k

(z + r)2 = |MO|2 = x2 + y2 + (z −R)2;

z − R− r
2

=
1

2(R + r)
(x2 + y2).

�¤k�M �¤��^=�Ô¡. Ï�IO��Ô¡�§�

z − z0 =
1

4F
(x2 + y2),

Ù¥ (0, 0, z0)�^=�Ô¡�º:§F ��:�º:�ål. �T^=�Ô¡

�º: Q = (0, 0, R−r
2

),§��:�º: Q��Ý F � 4F = 2(R + r). u´^

=�Ô¡�:�I�

(0, 0,
R− r

2
) + (0, 0, F ) = (0, 0, R) = P.

u´. P :T�^=�Ô¡��:.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)
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n!(�K 14©) �½ n�E�
 A 6= 0, b ∈ Cn�n���þ. EXêõ�ª f(x)

�¡��þ b'uA�"zõ�ª´� f(x)÷v f(A)b = 0� f(x) 6= 0. 3�þ b'

u A�"zõ�ª¥Ùgê�$�Ä 1õ�ª¡��þ b'u A���õ�ª. y

� p(λ)�Ý
 A���õ�ª. y²: p(λ)7� Cn¥,�þ b'u A���õ�ª.

yyy²²². 1) � p(λ) �IO©): p = p1 · · · ps, Ù¥ pi = (λ − λi)li , li > 1, i = 1, · · · , s.

λ1, · · · , λs�Ø�Ó.P Xi = {x ∈ Cn | pi(A)x = 0},Kke�äóý.

äó 1. Cn k©): Cn = X1 ⊕ · · · ⊕Xs,Ù¥Xi þ´A�ØCf�m, A3Xi

¥���õ�ª=� pi.

¯¢þ,- V1 = {x ∈ Cn | p2 · · · ps(A)x = 0}. u´d (p1, p2 . . . ps) = 1�, Cn

k©): Cn = X1 ⊕ V1,Ù¥ X1, V1þ´ A�ØCf�m. ?�Ú,e A3X1¥

���õ�ª� g, A3 V1¥���õ�ª� h,Kk g | p1, h | p2 · · · ps.

1e deg g < deg p1 Ú deg h < deg p2 · · · ps k��u),K�� deg gh < deg p

7u),l
gñu p� A���õ�ª(Ï� g(A)h(A)"z Cn). �k:

A3X1¥���õ�ª�p1, A3V1¥���õ�ª� p2 · · · ps .

�Ä V1. d A3 V1¥���õ�ª� p2 · · · ps ,­EcãL§k:

V1 = X2 ⊕ V2,

Ù¥ V2 = {x ∈ Cn | p3 · · · ps(A)x = 0}, X2, V2 þ´A �ØCf�m, A

3X2¥���õ�ª=�p2, A 3V2¥���õ�ª=�p3 · · · ps. aqí�,

�Cn = X1 ⊕ · · · ⊕Xs,Ù¥Xiþ´A�ØCf�m, A3Xi¥���õ�ª=

�pi. äó1¼y.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5©)

2)äó2. pi7´Xi¥,�þ'uA���õ�ª, i = 1, . . . , s.

�d,�ξi1, · · · , ξiti �Xi��|Ä, ξij 'u A���õ�ª�wij, j = 1, · · · , ti.

u´dpi´ A3Xi¥���õ�ª�:

wij | pi, j = 1, · · · , ti.

wij�äk(λ− λi)k �/ª, k 6 li.

3



,	, 5¿�[wi1, · · · , witi ]´A3 Xi¥���õ�ª, l
k[wi1, · · · , witi ] =

pi,(Jξi1, · · · , ξiti¥7k,�,Ù'uA���õ�ª�pi. äó 2¼y.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)

3)y�p1 ´X1¥�þ ξ1 'uA���õ�ª, . . ., ps ´Xs¥�þ ξs 'uA�

��õ�ª. u´, p1p2´X ¥�þξ1 + ξ2 'uA ���õ�ª. �d, �

�¡kp1p2(A)(ξ1 + ξ2) = p2(A)p1(A)ξ1 + p1(A)p2(A)ξ2 = 0, l
 ξ1 + ξ2 '

uA ���õ�ªf(λ) 7´p1p2 �Ïf. ,��¡, df(A)(ξ1 + ξ2) = 0

�f(A)ξ1 = −f(A)ξ2, 5¿� Cn = X1 ⊕ · · · ⊕ Xs, ÏdkX1 ∩ X2 = 0, l


f(A)ξ1 = −f(A)ξ2 ∈ X1 ∩X2 = 0. (Jp1 | f, p2 | f ,=kp1p2 | f . l
p1p2´X

¥�þξ1 + ξ2'uA���õ�ª.

Ón�í�: p1p2p3 ´ X ¥�þ ξ1 + ξ2 + ξ3 'u A���õ�ª. ­EdL

§,��� p1p2 · · · ps´X ¥�þ ξ1 + · · ·+ ξs'u A���õ�ª,= p(λ)´

X ¥�þ ξ1 + · · ·+ ξs'u A���õ�ª,y..

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (14©)
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�
�� o! (�K 20 ©) � α > 0, f 3 [0,+∞) þ����, lim
x→+∞

|f(x)|
xα

= 0,

lim
x→+∞

xα|f ′′(x)| < +∞.

(1)e α ∈ (0, 1],y²: lim
x→+∞

f ′(x) = 0.

(2) e α > 1, Á�E÷vK�^��¼ê f ¦� lim
x→+∞

f ′(x) = 0 Ø¤á, �3

[0,+∞)�?Ûf«mþ, f ′Øð�u~ê.

)))���. (1)?� s ∈ (0, 1),d Taylorúª,éu?Û x > 1,�3 ξ ∈ (x, x+ sxα)¦�

f(x+ sxα) =f(x) + f ′(x)sxα +
f ′′(ξ)

2!
s2x2α.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7©)

Ïd,5¿� sxα 6 x,·�k

∣∣f ′(x)
∣∣ 6∣∣∣f(x)

sxα

∣∣∣+
∣∣∣f(x+ sxα)

(x+ sxα)α

∣∣∣ · (x+ sxα)α

sxα
+
∣∣ξαf ′′(ξ)∣∣sxα

ξα

6
1 + 2α

s
sup
t>x

∣∣∣f(t)

tα

∣∣∣+ s sup
t>x

∣∣tαf ′′(t)∣∣.
- x→ +∞��

lim
x→+∞

∣∣f ′(x)
∣∣ 6s lim

x→+∞

∣∣xαf ′′(x)
∣∣.

2- s→ 0+�� lim
x→+∞

f ′(x) = 0.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (14©)

(2)�±ÞÑéõ~f. 'X:

(a) f(x) = x+ 1
1+xα

(x > 0),K f ′(x) = 1− αxα−1

(1+xα)2
, f ′′(x) = −α(α−1)xα−2

(1+xα)2
+ 2α2x2α−2

(1+xα)2
.

´�T f ÷v�¦.

(b) f(x) = x+
∫ x
0

1
1+tα

dt (x > 0). K f ′(x) = 1 + 1
1+xα

, f ′′(x) = − αxα−1

(1+xα)2
. ´�T

f ÷v�¦.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (20©)
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Ê! (�K 10©) �Ý
 A =

a b

c d

 ∈ R2×2,��¼ê p(X, Y )�½Â�:

p(X, Y ) : R2×2 × R2×2 −→ R, (X, Y ) 7→ tr (XAY T ),

= p(X, Y ) = tr (XAY T ),Ù¥ X, Y ∈ R2×2�Cþ, tr L«Ý
�,.

(1)y²: p(X, Y )¤�¢�þ�m R2×2þ�SÈ�¿�^�´


a > 0,

b = c,

ad > b2.

(2)?�Ú,e A�¦�C�

σ : R2×2 7→ R2×2, X →

 √
3
2

1
2

−1
2

√
3
2

X

 0 1

−1 0


¤� (1)¥SÈ�m

(
R2×2, p(X, Y )

)
¥�����C�.¦ A.

)))���. (1) ´�, p�V�5¼ê,�ke�né{�d:

i) p¤�R2×2þ�SÈ;

ii) Aé¡,� ∀X ∈ R2×2k p(X,X) > 0,� p(X,X) = 0��=� X = 0;

iii) A é¡, ��g. f(x1, x2, x3, x4) = tr (XAXT ) ��½�g., Ù

¥X =

 x1 x2

x3 x4

.

5¿�

XAXT =

 ax1 + cx2 bx1 + dx2

ax3 + cx4 bx3 + dx4

 x1 x3

x2 x4

 .

��O���:

tr (XAXT ) = (x1, . . . , x4)


a b+c

2
0 0

b+c
2

d 0 0

0 0 a b+c
2

0 0 b+c
2

d




x1
...

x4

 .

Ïd, f �½⇔


a > 0,

b = c,

ad > b2.

6
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. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5©)

(2) 3 p(X, Y )®¤� R2×2þ�SÈ�¹e,�¦ σ¤�dSÈe���C�,

��=� σ�±SÈØC=�.Ïdqk

p(X, Y ) = p(σ(X), σ(Y )),∀X, Y ∈ R2×2.

yq�Y =

 y1 y2

y3 y4

,u´��O���:

p(X, Y ) = tr (XAY T ) = (ax1+cx2)y1+(bx1+dx2)y2+(ax3+cx4)y3+(bx3+dx4)y4;

σ(X) =

 √
3
2

1
2

−1
2

√
3
2

 x1 x2

x3 x4

 0 1

−1 0

 ;

(σ(Y ))T =

 0 1

−1 0

 y1 y3

y2 y4

 √
3
2

1
2

−1
2

√
3
2

 ;

p(σ(X), σ(Y ))

= tr


 √

3
2

1
2

−1
2

√
3
2

 x1 x2

x3 x4

 d −c

−b a

 y1 y3

y2 y4

 √
3
2
−1

2

1
2

√
3
2


=(

√
3

2
dx1 +

d

2
x3 −

√
3

2
bx2 −

b

2
x4)(

√
3

2
y1 +

1

2
y3)

+ (

√
3

2
ax2 +

a

2
x4 −

√
3

2
cx1 −

c

2
x3)(

√
3

2
y2 +

1

2
y4)

+ (−d
2
x1 +

√
3

2
dx3 +

b

2
x2 −

√
3

2
bx4)(

√
3

2
y3 −

1

2
y1)

+ (
c

2
x1 −

√
3

2
cx3 −

a

2
x2 +

√
3

2
ax4)(−

1

2
y2 +

√
3

2
y4).

'� p(X, Y )� p(σ(X), σ(Y ))�A��:

'� x1y1�Xê��: a = d;'� x2y1�Xê��: c = −b.l
 c = b = 0.

?�Ú���wÑ,3 a = d� b = c = 0�^�e, p(X, Y ) = p(σ(X), σ(Y ))

®¤�ð�ª.

7



(3) nþ,¤I¦� A�

 a 0

0 a

 ,Ù¥ a > 0�?¿¢ê. �..

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)
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8! (�K 16©) y²:

(1)¼ê�§ ey − y = ex − x,��/(½
��ëY¼ê y = y(x) ∈ C(−∞, 0]

÷v y(0) = 0±9 y(x) > 0. ?�Ú,y²� x < 0�¤á y(x) > 0.

(2) y(x) ∈ C1(−∞, 0],� y′(0) = −1.

(3) éu x < 0 ¤á x + y(x) < 0. ?�Ú, y(x) ∈ C2(−∞, 0] ´]¼ê, �

y′′(0) = −2

3
.

)))���. (1)- f(s) = es − s,K f ′(s) = es − 1, f ′(0) = 0, f ′′(s) = es > 0. Ïd, f ´ Rþ

�î�à¼ê,3 s = 0��î���� 1.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (3©)

½Â (−∞, 0]þ�¼ê ϕ(x) = ex − x,½Â [0,+∞)þ�¼ê ψ(y) = ey − y. K

ϕî�ü~, ψî�üO,��þ� [1,+∞). P§���¼ê� ϕ−1, ψ−1.

é?Û x ∈ (−∞, 0], t = ϕ(x) ∈ [1,+∞),�3��� y = y(x) ∈ [0,+∞)¦�

ψ(y) = t = ϕ(x). = ey − y = ex − x.d� y(x) = ψ−1(ϕ(x)).

AO y(x) = 0��=� ϕ(x) = 1,��=� x = 0. Ïd,� x < 0�, y(x) > 0.


d�¼ê�ëY5�� y = y(x) ∈ C(−∞, 0].

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (5©)

(2)´� ϕ ∈ C∞(−∞, 0), ψ ∈ C∞(0,+∞). �

ϕ′(x) = ex − 1, x < 0,

ψ′(y) = ey − 1 > 0, y > 0.

Ïd, y(x) ∈ C∞(0,+∞). ?�Ú, düN5ÚëY5, y(x) → 0+ ��=�

x→ 0−. 5¿�

lim
t→0−

√
et − t− 1

t
= − lim

t→0+

√
et − t− 1

t
= − 1√

2
,

��

y′−(0) = lim
x→0−

y(x)

x
= lim

x→0−

√
2
√
ey − y − 1

−
√

2
√
ex − x− 1

= −1.




y′(0−) = lim
x→0−

ex − 1

ey(x) − 1
= lim

x→0−

x

y(x)
= −1.

9



Ïd, y(x) ∈ C1(−∞, 0].

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)

(3)5¿� x < 0��=� y > 0,�� “x < 0� x + y < 0”�du “y > 0�

x < −y”,ùq�du “y > 0� ϕ(−y) < ψ(y)”,= “ey − e−y − 2y > 0 (y > 0)”.

´y ey − e−y − 2y3 [0,+∞)þî�üO,l
��ù�Ø�ª¤á. Ïd,�

x < 0�k x+ y < 0.

dÛ¼ê¦�{K,��

(ey − 1)y′ =ex − 1, x < 0, (1)

(ey − 1)3y′′ =(ey − 1)2ex − (ey − 1)2ey(y′)2 = (ey − 1)2ex − (ex − 1)2ey

=(ey − ex)(ex+y − 1) < 0, x < 0.

Ïd, y′′(x)� x < 0��K.Ïd, y(x)´ (−∞, 0]þ�î�]¼ê.

��, y′′−(0) �O�, cÙ´Ù�35�y²k�½JÝ. 5¿� u(s) =
√
es − s− 13 (−∞, 0]Ú [0,+∞)þ©O´“Ð¼ê”. ·�k

u(s) =
1√
2
|s|
(
1− s

6

)
+ o(s2), s→ 0,

u′−(0) = u′(0−) = − 1√
2
, u′+(0) = u′(0+) =

1√
2
,

u′′−(0) = u′′(0−) = − 1

3
√

2
, u′′+(0) = u′′(0+) =

1

3
√

2
.

d u(y) = u(x),��

y′′−(0) = lim
x→0−

u′(x)
u′(y)

+ 1

x
=

1

u′+(0)
lim
x→0−

u′(x) + u′(y)

x

=
√

2 lim
x→0−

(
u′′(x) + u′′(y)y′(x)

)
= −2

3
.

y′′−(0)�O���±|^ ey − y = ex− x� TaylorÐm,5¿� y′(0−) = −1,�

�

y2

2
+
y3

6
=
x2

2
+
x3

6
+ o(x3), x→ 0−.

Ïd,

y2 − x2 =
x3

3
− y3

3
+ o(x2), x→ 0−.
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y′′(0) = lim
x→0−

y′(x)− y′(0)

x
= lim

x→0−
y′′(x)

= lim
x→0−

(ey − ex)(ex+y − 1)

(ey − 1)3
= lim

x→0−

(y − x)
(
x+ y + (x+y)2

2

)
y3

= lim
x→0−

(y2 − x2)(1 + x+ y)

y3
= lim

x→0−

x3 − y3

3y3

=
1

3(y′−(0))3
− 1

3
= −2

3
.

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (16©)
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Ô!(�K 10©) � n���ê. y²�©�§

y(2n) − x2y = | sinx|

÷vÐ�^� y(0) = y′′(0) = · · · = y(2n−2)(0) = 1, y′(0) = y′′′(0) = · · · = y(2n−1)(0) =

0�)� (−∞,+∞)þ�ó¼ê¿� y(x) > 1, x 6= 0.

yyy²²². ¤���5�§3 (−∞,+∞)þ�3��÷v¤�Ð�^��) y(x). e¡y

² y(x) = y(−x). Ph(x) = y(−x),d

y(2n)(x)− x2y(x) = | sinx|

��

y(2n)(−x)− (−x)2y(−x) = | sin(−x)|

5¿� h(2n)(x) = y(2n)(−x),u´·�k

h(2n)(x)− x2h(x) = | sinx|

Ï� h(0) = y(0) = 1, h(2`)(0) = y(2`)(0) = 1, h(2`−1)(0) = −y(2`−1)(0) = 0,¤±

h(x)��÷v¤��Ð�^��). u´ y(x) = h(x) = y(−x).

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (7©)

e¡y² y(x) > 1, x 6= 0. b�(JØý, K�±� x0 > 0 ÷v y(x0) 6 1,

y(x) > 0, x ∈ [0, x0]. ¦^�Vúª��: é x > 0,�3 η ∈ (0, x)¦�

y(x) =
2n−1∑
k=0

y(k)(0)

k!
xk+

y(2n)(η)

(2n)!
x2n = 1+

1

2!
x2+· · ·+ 1

(2n− 2)!
x2n−2+

y(2n)(η)

(2n)!
x2n.

òx = x0�\þª¿5¿�y
(2n)(η) = η2y(η) + | sin η| > 0,��

1 > y(x0) = 1 +
1

2!
x20 + · · ·+ 1

(2n− 2)!
x2n−20 +

y(2n)(η)

(2n)!
x2n0

gñ�

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . (10©)

555. ½öµe¡y² y(x) > 1, x 6= 0. b�(JØý, K�±� x0 > 0 ÷

v y(x0) 6 1, y(x) > 0, x ∈ [0, x0]. ¦^¥�½n��: �3 x1 ∈ (0, x0)

¦� y′(x1) 6 0. 2é¼ê y′(x) 3«m [0, x1] þ¦^¥�½n��µ�
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3 x2 ∈ (0, x1) ¦� y′′(x2) 6 0. UY¦^T�{�� 0 < x2n < x0 ¦�

y(2n)(x2n) 6 0. ,��¡,·�k y(2n)(x2n) = x22ny(x2n) + | sinx2n| > 0,�)g

ñ!
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